Sliding orbits and their bifurcations in relay feedback systems by di Bernardo, M et al.
                          di Bernardo, M., Johansson, K., & Vasca, F. (1999). Sliding orbits and their
bifurcations in relay feedback systems.
Early version, also known as pre-print
Link to publication record in Explore Bristol Research
PDF-document
University of Bristol - Explore Bristol Research
General rights
This document is made available in accordance with publisher policies. Please cite only the published



















































õùYõöñ 5õàýﬁﬀﬂ öð öðñÌôeô ß%ñ ﬃÓô ýÆßàýÆß%õöû Äôø! û àß#"

 $Yßñàõâôbûnñ%%õñ#ß&àýﬁ âô ýpù




ð%ô õI 5ô ýpù ôbò%ò2eôböJzý%õﬃ+(1@K/L8M<>"ONõ *àôböE ûnõPﬀ'ô õñ#ßQzýÑûnñàô#ù ÷¡ñeñ#ß4ﬀÆôFÑðÆô#ü ñRﬀ8ñeñ#ý ò'ôbûö*àôbûS ùEø6ñ
õö%ß ñ#ß+(1H/K4/2-=K<>"
T







ßàõ @zýpöàý74A%õö ãñäßñeû àüHôbö ü ñ"Wïð%ñáöûnôM^ñQöE ûùb ÷ô

õùYõöñ  öðñeûñe÷C ûñc@zý%õÄõöõd ÷aõñQöJzýÆõ




ﬀﬂA%ý%ßÆôbû  ñ#õàõGﬀ8ñàý4B,Qûzõnõñ#ß\"0]ﬀý4Sü ñösù@ò8ñe ÷#ﬀ2 ÷C%û eôböJzý\/ öñeû  5ñ#ß
ﬀﬂ ûnßñeûEXg@AàõJzý#/ﬂð%ô õdﬀ8ñeñ#ýõ4BB ñ#õöñ#ß öEQ7**ûâøaðñ#ýþô õñQöJzýh ÷ô õùYõöñ  öûnôM^ñQöE ûùhﬀñ@A 5ñ#õ
öô ý4B ñ#ý§ööE%zýñR ÷)öð%ñ#õñRﬀﬂA%ý%ßÆôbû  ñ#õô õ,zýñR ûd $ ûñóõù@õöñ  òÆôbûJô ãñeöñeûnõ*ôbûñâübôbû  ñ#ßi+.-01:/G11/!1-=<>"
j
 ûnßñeûEXg@AàõJzýkﬀà÷CûSeôböJzý%õﬂBA ü ñ&ûSàõñWöEaõñeñ Ràý4BA ùñ@l7 ößùYý%ô ﬃeôböûnô ýÆõ öJzý%õ/ øðnð¢ôbûnñG%ý[7ñ
öE
G&




õù@õöñ âõUeô ý ñ@lðJﬀ ö9ôäò8ñ*àôbû9ösù@ò8ñ$ ÷6õEAöJzý\/öñeû  ãñ#ß õàßàý4B
 $ öJzý+(184/4-5H<>"Yïaðñ¢õàßÄý4B3õEA%öJzýRﬀ8ñJzýBzõöE$zý%ñk ÷.öðñPﬀﬂA%ý%ß%ôbû àñ#õöð%ôbö)ßñ@Zýñöðñ¢ßàõ@zý§öàý0X



















 5ô ý§ù ß('8ñeûñ#ýpöaösù@òñI ÷Wõøe öJðàý4Bﬃ 5òñeûn÷CñQöJzýÆõ*/öðñ3ö ãñûñàô=lôböJzý`ßñ#õQû Jﬀ8ñ#ß ôHﬀﬂSü ñIﬀ8ñàý4B$zý ù
zýñ/ﬂ öð%ô õeﬀ8ñeñ#ýÌõð4^øaýÓöðÆôbö9öð%ñ*õEAöJzýs@zýQñeò%öõPﬀ§ù
T





òﬂAàý§öàý4BóöESø¶ôbûnß%õy{ öõñ ÷|"Kïðñeûñe÷C ûñ/Mô*@ ûnßÄý4B öEEöðñâß ûñQöJzýw ÷¶öðñãü ñQöE ûIZÆñàß%õP*JzõñãöE_y!/
 öeÄõòﬂzõõJﬀ2 ñ¢öE	àß%ñ#ýpö ÷¡ù%}S~HCzEgH4}VzýQyþøaðñeûnñõÄßàý4Bdeô ýw7**û"?Oökeô ýsﬀ8ñ*õð4SøýEöð%ôbööðñ
ßùYý%ô ﬃeõk ÷öðñ

õùYõöñ  øe öðÄý`õnð ô õàßàý4B5ûñ*BAzý ôbûñdBA ü ñ#ý_ﬀ§ùÌôóûñ#ßQñ#ß_ ûnß%ñeûPàýñ#ôbû
õùYõöñ c"KïðÄõßùYý%ô ﬃeõ














òﬂSø6ñeû5ñ ñQöûzý ßñeü0Qñ#õs+(150/G90/G6H<>"&ïðñz 5ôàý@zý§öû Jﬀ2öJzýb ÷öðàõòÆôbò8ñeûﬃàõãô ý ô ýÆô ù§öeô)ô ý%ß
ý7 ãñeû eôõö%ß%ùﬃ ÷ﬂöðñP0**ûûñ#ýQñk ÷.öðàõ6ý4Sü ñ\*Äô õõn ÷ﬂò8ñeû JYßaõEAöJzýÆõô ý%ßóöðñàû!ﬀ2 ÷C%û eôböJzý%õ
àý`ûñàôSùÓ÷¡ñeñ#ß4ﬀÆôFÌõùYõöñ 5õ*"

ôbûö*Äôbû  ù/öðñdﬀ ÷û eôböJzýs ÷ôäý4zý0Xsõàßàý4B	 ﬃ ö
Qù7* ñ$àý§öE ôv ﬃ ö
Qù0* ñáø




































?ö,àõ3ûñ ñeübô ýpööE`òﬂAàýpöaA%ö3öð%ôbööðñâô ý%ô ùYõàõò%ûñ#õñ#ý§öñ#ßºðñeûnñReô ýﬀ8ñâôbò%ò2 ñ#ß\/8øe öðAöU 5ôM^E û
 $Yß(Z2eôbözý%õ*/ﬂöEQ öð%ñeû5õù@õöñ 5õd ÷ûnñ ñeüHô ýQñvÄýºñ#ý4BAÄýñeñeû àý4BÌøaðñeûnñäõ àßàýBÓõEAözý%õðÆô#ü ñcﬀ8ñeñ#ý
-





















































õù@õöñ âõ÷CAJSøõ)ô õaô5õò8ñ*àô\eô õñ÷Cû A  öðñ3ßñ@Zý öJzý%õ!àý+(18/-5=<>"

























































































] ûñàôSùÌ÷¡ñeñ#ß4ﬀÆô FÌõù@õöñ z/ﬂô õ¢öðñﬃzý%ñ5ßñ#õQû Jﬀ8ñ#ß ôHﬀﬂSü ñ/eô ý ñ@lYðJﬀ öõñeü ñeûnôösù@òñ#õU ÷ò8ñeû JYß
















Aàýeôbû0ÚñU 5ôbòä÷C ûöðñ¢ý4zý4XsõàßÄý4Ba ûﬀ ö!àõ6ßñeû  ü ñ#ßóô ý%ßäð4Sø{ ö!eô ývﬀ8ñ
%õñ#ßóöEãõöôböña@zý%ßàöJzý%õ
÷C ûñ@l0Äõöñ#ýQñô ý%ßEõöôHﬀ öOùR ÷ký4zý0Xsõàßàý4BI ûﬀ öõ"7?öVàõ)õöûJôJBzðpö÷C ûø¶ôbûnß öER ﬃ@ßà÷Cù5öðàõ)ô ý%ô ùYõàõ¶÷C û
õÄßàý4BI ûﬀ öõ*"


































































































































































































































































































































































































































































































































































































































































































































































































ø0Äßàý4Bﬃ $ özýwÄõòﬂzõõ Jﬀ ñ¢÷C û¢öðñ*ûñàô#ù`÷Cñeñ#ßﬀÆôFÌõù@õöñ c"\xý%ß%ñeû9õàßàý4B	 $ öJzýÌöðñõù@õöñ  öûnô=X
^ñQöE ûùcàõm@zý%õöûnôÄýñ#ß öERàñkzýEöðñõøe öJðàý4Bãð§ù§ò8ñeûò2àô ýñ,y!"%ïðñ¢ñ[7%ôböJzýÆõm ÷.öð%ñ¢ûñ#ßQñ#ßc ûJßñeû






























































































Aàýeôbû0Úñ  5ôbò ûñeòﬂ ûöñ#ßàý öðñ ò%ûñeü0JA%õóõñQöJzý{àõóübôàß ÷p ûEý4zý4XsõàßÄý4B ûﬀàöõ*"D?÷ø6ñ






























































































































!zýÆß öJzý%õ÷C û)ñ@l0àõöñ#ýQñ¢ô ý%ßcJ0eôõöôHﬀ öOù$ ÷.öð%ñõ àßàýBU ûﬀ ö¶ôbûñûñ#ô ß ùâßñeû àü ñ#ß	ﬀ@ùáôbòÆò%ûHX
ò%û Äôböñ ù	 $Yß ÷¡ù0àý4B*öðñ¢ñ@l@òÆûñ#õõJzýE÷p ûöð%ñý4zý0XsõÄßàý4BI ûﬀ öVàýäöð%ñò%ûñeü0JA%õ¶õñQöJzý#"
M §I Jîë5îJçdÞON îQPSìéKí)¡6è8înêçd©
]9õ)õð4Søý ôHﬀt^ü ñô*ûñàô#ùó÷¡ñeñ#ß4ﬀÆôFäõùYõöñ  eô ýäñ@lðJﬀ ö6ß('8ñeûñ#ý§ö6öOù§ò8ñ#õn ÷.òñeûSJ@ßaõEAöJzý%õ*/@øaðnð
eô ýóñ öðñeûm@zý§öôàý õàßàý4BõñQöJzýÆõD û)ý4 ö*"0?!ýâöðàõõñQöJzý\/Yøñ9øeÆõñeñ*FáöEdÆý%ßñeûnõöô ýÆß5öðñP ãñnðÆô=X













\àý%õöñ#ô ßÓübôbûù öðñ*òﬂA ñ#õöðû A4Bzð





























ô ý%ßcÀV/4zý ùâöð%ñ3ßàõöô ýQñ#õm ÷.öð%ñUueñeûzõaô ýÆß öðñ¢òﬂA ñ#õ)öE5öð%ña û JBAàýcàõenð%ô ý4B ñ#ß#"
¶ôbûnñe÷Caý 5ñeû eôV@A ãò2öôböJzý õnð4Sø6ñ#ß öð%ôböóô õ
É
àõ5übôbû  ñ#ß#/WöðñÓõùYõöñ ¤%ý%ßñeûB@ñ#õ5õñeü ñeûJô
































































K ôäý4zý0Xsõ àßàýB$ ûﬀ öPàõò%ûñ#õñ#ý§ö*"Kïðñ*öûnô ý%õ özýÓ÷¡ûA  ôäý4zý0X
õÄßàý4BöEãôõÄßàý4BU û ﬀ öneô ý	ﬀ8ñkﬀ8ñeööñeûmAöàýñ#ßáøaðñ#ýóöðñòÆðÆô õñ@XsõòÆôQññeüAözý	 ÷.öðñ¢õùYõöñ þàõ





ø6ñRﬀÆõñeûnü ñ#ßºöð%ôbööðñﬃZl@ñ#ßºòtAÄýpöa ÷)öðñóõøe öJðàý4Bz âôbò @ ûûñ#õòtzýÆßàý4B öE`öðñáý4zý4XsõàßÄý4B	 û ﬀ ö




















öðñ	ﬀ2 ÷C%û eôböJzý òtAÄýpö*"4ïðñäôbò%òÆôbûñ#ý§ö
nðÆô ý4B ñIàý õ Jueña ÷.öð%ñ3õàßàý4Bõöû  òzàõßñöEâôﬃ ãñeûñInð%ô ý4B ñ, ÷kõ eô ñ"
x9õàý4Böðñô ýÆô ù§öeô8öEAàõaõEF ñeönðñ#ß%àýäò%ûñeü0JA%õ¶õñQözý%õ*/öðñaﬀà÷CûSeôböJzýveô ýcﬀ8ñUJ7eôböñ#ßÓô ý%ô=X











àý4Báöðñô ßÆß öJzý%ôL@zý%ß özýEöð%ôbö9öðñUZl@ñ#ß`òﬂAàýpö*/t@ ûûñ#õòﬂzý%ßàý4BãöE ôâý4zý4XsõàßÄý4B$ ûﬀ ö*/2ﬀ8ñJzý4Bzõ






















K4/@ô*ýñeø õ  ãò ñV ﬃ öQù0* ñPàõB ñ#ýñeûJôböñ#ß ôb÷Cöñeû¶ôõnô ß%ß ñ@Xsý4Yßñ
ﬀ ÷û eôbözý\"A]eBzôÄý\/%õ àý4B¢öðñ9ô ý%ô ù@öeô%öE7Aàõß%ñeü7àõñ#ßâôHﬀﬂSü ñ/@öðàõ)ﬀ2 ÷C%û eôböJzýãø¶ô õD7eôböñ#ßóô ý%ô ù@öYX
eôàù5ô ý%ß õð4^øaýóöE$ﬀñôãõô ß%ß ñ@Xsý4Yßñeﬀà÷CûSeôböJzýR ÷.öðñ¢õùYõöñ  õøeàönðàýBI 5ôbò#/4Jð%ôbûnôQöñeû àõñ#ßcﬀ§ù
ð%ôSü7àýBaﬀt öð5öðñ)ñJB ñ#ý§üHô%ñ#õ) ÷8öðñV 5ôbòT#pô@ﬀàô ýﬃQûzõnõàý4B¢öðñVÆý ö)* û * ñôbö
¯
1H"pïðÄõLﬀ2 ÷C%û eôböJzý\/









1H/=ZlYñ#ß3öE¢ôüHôñôbökøaðnð*ôõàßàý4Bm û ﬀ öﬂñ@l4àõö*/bô ý%ßüHôbûnùöðñ6òtzõ  öJzýU ÷Æöðñ
õùYõöñ  òﬂA ñ#õkü0àôöðñ)òÆôbûJô ãñeöñeûÀV"?!ý5ß4AàýBõ4/ øñaõñeñ*F*öEI%ý@Sü ñeûòtzõnõJﬀ ñ!ﬀ ÷û eôbözý%õ ÷õàßàý4B
 ûﬀàöõRàý§öE $ ûñw@A ãò ñ@l ßùYý%ô ﬃeôVﬀ8ñ#ð%ô#ü0JAû"

 5ñeû eô)ñ@lYò8ñeû  ãñ#ý§öõR@zý0Z'û  öð%ôböóô õﬃÀ àõ
übôbû  ñ#ß\/Höðñ6òñeûSJ@ß&õñQöJzýd ÷Æöðñ)õàßÄý4Bm ûﬀ öO%ý%ß%ñeûàý§ü ñ#õöJBzôbözýÆý%ßñeûB@ñ#õ.ôkB ñ*A ãñeöûS
J
ösøeÄõö^K


























ﬀÆõñeûnü ñ#ß`÷¡ûA  ôäõàßÄý4B$ ûﬀ ööE ôâò8ñeû JYß



















õÄßàý4B ô ß%ßàýBK õQñ#ý%ôbû J àõ$ﬀÆõñeûnü ñ#ß\"	Eñeûñ/ôeô õeô ßñs ÷U  öJXsõàßÄý4B




àõ*ôÌ÷¡ô õ*Äý%ôböàý4BÌõ ﬃÄôbû  ösù_ﬀ8ñeösø6ñeñ#ýþöðñﬀ ÷û eôböJzý ßàôHB ûnô  ßñ#õ Qû Jﬀ8ñ#ßºôHﬀﬂSü ñEô ýÆßºöðñ õEHXgeô ñ#ß
J






õÄßàý4BòÆôbûö ÷öðñV ûﬀ2 öàõkûñeòÄôQñ#ß$ﬀ§ùô¢òÆôbûnöWøe öð÷hô õöõøeàönðàýBzõV+(1M<>"pïðñý7 Iﬀ8ñeû) ÷8õøe önðàý4Bzõ
ôbûñPZ'ý öñPzýEô ýpùﬀﬂA%ý%ßñ#ßóö 5ñPÄýpöñeûübô/õE5öð%ñUnð%ôbööñeû Äý4Bﬃàõ)ý45õàßàý4B $ öJzý\"0?öVeô ý\/Æð4^øñeü ñeû/











































































ûñ ﬃÄý%ôbûùﬃàý§ü ñ#õöJBzôböJzýÆõm ÷.÷CAûöð4X> ûnßñeû)ûñàôSùá÷¡ñeñ#ß4ﬀÆô Fóõù@õöñ âõõð4^ø+öð%ôböõ Ràôbûnﬀ ÷û eô=X



























ô õÄßàý4B	ﬀ ÷û eôböJzýÌø¶ô õ3ßñ@Z'ý%ñ#ßÌô õ3öðñãöûnô ý%õ  öJzýÌ÷Cû A  ô õ ãò2 ñ ﬃ öPQù7*àñãöEÓô õàßàý4BR û ﬀ ö*"
ø0JðáôIﬀ ÷û eôbözý5ð%ô õDﬀñeñ#ýnðÆôbûnôQöñeû àõñ#ßvàýâöñeû  5õ! ÷MöðñeZlYñ#ßâòﬂAàý§öG ÷Mô ýäôbò%ò%û  ò%û àôböñ

Aàýeôbû7Úñ
 5ôbò ô ý%ßóð%ô õDﬀñeñ#ývJ0eôböñ#ßäô ý%ô ù@öeô ù$àýáöðñPeô õñP ÷ﬂôöð ûnß0X> ûJßñeûûñÄô#ù5÷¡ñeñ#ß4ﬀÆô FâõùYõöñ 5õ*"4]kàõE4/






 $ ûñ,B ñ#ýñeûnô ù/ò2 ñQñeøeàõñ¢õ ﬃ öðEß%ù@ý%ô ReôKõùYõöñ 5õ*"Æïaðàõmàõ¶öðñõ4ﬀ0^ñQöm ÷Lzý4X>BAàý4B5ûñ#õñ#ôbû nð\"

ûñ ﬃÄý%ôbûùãûñ#õ öõnàý%ßeôböñöð%ôböõ  ﬃàôbû¶õÄßàý4BUﬀ2 ÷C%û eôböJzý%õ¶ôbûñ¢öðñUeôÆõña ÷.öð%ñk0**ûûnñ#ýQñ






ûnô ýQñ#õeôihÌôHu*uàô öE øaðA  öðñEý ãñeû eô)õ IÄôböJzý%õûñ@X
òﬂ ûöñ#ßRÄý5öðàõòÆôbò8ñeûôbûñk $zõö ù5ßñ"jhÌôbû Jß
j












































+.8M<6l3ôbû #zð%ô ýz]õöû|A  ô ý%ßEïL ûñ5EZ|ôHBBA%ý%ß\"]köEA 5ôbö¢ö%ýàýBI ÷Wõ 5ò ñ9ûñ*BAàôböE ûnõøe öð õò8ñ¹X





































































































































































































































àý%û nðÆõ*/Æô ý%ß¦h "#Nñ#õöûñJð\"U9ù@ý%ô Reôﬀñ#ðÆô#ü0JAûk ÷÷¡û QöJzý%zõ*ÄôböE ûnõ9øe öð



















à÷CûSeôböJzý& ÷3òﬂSø6ñeûäñ ñQöûzý_* ûS* öõ*"
£4H0¹?XH~WU r0&ﬂWXHÇ=~ C

4}@C4g@/t8801
j
Ö
95A
»
9997/19967"
18
